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Cantor’s Continuum Hypothesis

GEORG CANTOR proved:

Theorem 1. The power set {z|x CN} of N is not denumerable.
In the language of cardinal arithmetic this reads:

Theorem 2. 2% >N, .

CANTOR conjectured

Conjecture 3. (CANTOR’s Continuum Hypothesis, CH) 280 =R, .

KURT GODEL proved the consistency of CH, assuming the consistency of the ZERMELO-
FRAENKEL axioms ZFC, by constructing the model L of constructible sets

Theorem 4. LFCH.
PauL COHEN proved the opposite relative consistency

Theorem 5. Any (countable) model M of ZFC can be extended to a model M[G] of
ZFC+ 2% >R, .

For this, COHEN invented the method of forcing to adjoin further objects G' to M.



G is a (generic) limit of approximations (conditions) in some partial order.

For the =CH construction we want to adjoin a characteristic function F' satisfying
1. F: )\ xw— 2 for some A >R}

2. Vi<j<A(An.F(i,n)+ n.F(j,n)
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COHEN’s partial order for this is essentially
P={p|In<w3De[A~¥“p: D xn—2}
partially ordered by reverse inclusion:

p< q (pis stronger than ¢) iff pDg



This may be pictured as

If GCP is a “generic path” through P then F'={J {p|p € G} is as required.

Hausdorft’s Generalized Continuum Hypothesis

FELIX HAUSDORFF conjectured an extension of CH

Conjecture 6. (HAUSDORFF’s Generalized Continuum Hypothesis, GCH)

Va. 2Na = Na—i—l



Since GCH holds in GODEL’s model L,

Theorem 7. GCH s independent of ZFC.

EASTON proved

Theorem 8. Let E: Ord — Ord be a sufficiently absolute function such that
— Ela)>a
- a<f—E()<EQp)
—  Lim(E(a)) — cof(E(a)) >R,

Then one can construct a forcing extension M |G| such that

Va (R, is regular — 2% =Rp,))

The Singular Cardinal Hypothesis
is the statement

(SCH) if « is a singular strong limit cardinal then 2% =™

MoTi GITIK and BILL MITCHELL showed

Theorem 9. The following two theories are equiconsistent:
— ZFC+-SCH

— ZFC+ there are “many” measurable cardinals

SCH Without the Axiom of Choice

Theorem 10. The following theories are equiconsistent:

— ZF



— ZF + “GCH holds below W,” + “there is a surjection from P(X,) onto R,”, for
some fized big ordinal o

This is a strong surjective failure of SCH, without requiring large cardinals. Injective fail-
ures possess much higher consistency strengths.

The forcing

Fix a ground model V' of ZFC + GCH and let A=, be some regular cardinal in V.

The forcing Py= (FPy,2,0) adjoins one COHEN subset of N, for every n <w.

Py={p13(0n)ncw (Yn <w: 0, € [Ro, Rpp1) Ap: [ Rn, 60) > 2)}.

n<w

The forcing (P, <p,0) is defined by

P= {(p*> (ai> pi)i<)\) | 3(5n)n<w 1D € [)\]<w (VTL <w: 5” € [NTH Nn+1)>
pe | Ry 62— 2,

n<w

n<w

Vie D:a; € [N, \ Ro| <Y AVn <w:card(a; N[N, N,41)) <1,
Vi¢g D(a;=p;=0))}

Nn+1




P is partially ordered by

p' = (ph, (af, pDicr) <p (Pus (@i, Pi)icr) =D
iff
a) pi2 P, Vi< A(a;2a; A pi2p;),

b) Vi <AVn < (.U\Vf €a;n [Nna Nn+1)VC € dom(p; \ pl) N [Nna Nn—l—l): p;(C) = pi(g)(C)v and

c¢) Vjesupp(p): (aj\ az) N Uiesupp(p)#j al=10.

Lemma 11. P satisfies the X, o-chain condition.

Let G be V-generic for P.
Define

G* = {p* e P, | (p*> (ai>pi)i<>\) € G}
A= (J G R Rugn)? =2

A(E) = {(CALE ICE R o)} (R Ry 1) 2
A = | {911 (9o (a5, 53)3.2) €GF: [Ro, R) 2



equal endsegments

Fuzzifying the A;
Define the ezclusive or function €:2 x 2— 2 by
a®b=0iff a=0b.

For functions A, A”: dom(A) =dom(A’) — 2
define the pointwise exclusive or A@® A":dom(A) — 2 by

(A A)(§) =A(E) ® A(E).
For functions A, A”: (R, \ Rg) — 2 define an equivalence relation ~ by
A~vA it In<w(ABA) [N e VIGIN(ABA) [[R,41,R,) €V).

Let A ={A/|A’~ A} be the ~-equivalence class of A.

The “symmetric” submodel
Set

— T.=P(< H)V[A*], setting K = NY;



— A=(4]i<N\).
The final model is

N=HOD"(V u{T., AyuT. U J A)

i<

consisting of all sets which, in V[G] are hereditarily definable from parameters in the
transitive closure of V U{T}, A}.

Lemma 12. FEvery set X € N is definable in V|G| in the following form: there are an € -
formula ¢, x €V, n<w, and 1, ...,15—1 < A such that

X={ueVI[G|VI[GE o(u,z,T., A, A, | (RY, )% Ay, ..y Asy )}

Lemma 13. N is a model of ZF, and there is a surjection f:P(k)— X in N.

Proof. Note that for every i <A: A; € N.

(1) Let i<j<A. Then A;~A;.

Proof. Assume instead that A; ~ A; . Then take n < w such that v = (4; & A;) | [N,41,
N,) € V. The set

D = {(p«, (ar, pr)e<r) |3 € Nup1, V) (§ € dom(p;) Ndom(p;) Av(§) # pi(§) @ pi(§)) €V

is readily seen to be dense in P. Take (p., (ak, pp)r<r) € D N G. Take £ € [R,41, R,,) such
that

§ € dom(p;) Ndom(p;) Av(E) # pi§) @ pi(€))-

Since p; C A; and p; C A, we have v(&) # Ai(&) @ A;(€) and v+ (A B Aj) [ [Npt1, Ry,). Con-
tradiction. ged(1)
Thus

0, else;

is a well-defined surjection f: P(k) = A, and [ is definable in N from the parameters s
and A. 0



Approximating N

Lemma 14. Let X € N and X COrd. Then there are n <w and 1g,...,1;,_1 <\ such that

Xe V[A* f (N7‘L/+1)2> Ai()? ) Ailfl]'

Proof. Let

X ={u€O0rd|V[G]E p(u,z, T, A, A T (RY11), Aig, ..., Ay}
By taking n sufficiently large, we may assume that

\V/] <k<IlVme [n,W)V6 € [Nm, Nm+1)i A; r [6, Nm—l—l) 7/: Alk r [5, Nm—l—l)-

]

For j <1 set

a%kj = {f|3m <ndd € [Nm> Nm+1)3 Az’j I [5> Nm+1) = A*(S) I [5> Nm—l—l)}

where A.(&) = {(¢, A«(&, ())|(§, ¢) € dom(A,)}.
Define

X' = {u€Ord | thereis p=(ps (ai, p;)i<r) € P such that
D+« [(NXH)?g A, T(Nv‘z/+1)2>
Wiy 2D iy 5 evns Ay, 2 Ay
piOQAiO,...,pilfl‘gAf-lfl, an@ .
plEp(i, &, 0,7, AT (Roi1)? Aigy s Aiy ) 1

where 0,7, A, A,,..., A;,_, are canonical names for T}, A, A,, A;,,..., A;,_, resp.

Then X/ - V[A* r (N¥+1)2’ Aim [RRE} Ailfl]‘

(1) X C X"
Proof . Straightforward. ged(1)

The converse direction, X’ C X, uses an automorphism argument.
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One defines an isomorphism 7 of P below p and below p’, respectively.
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Wrapping up
L 11 < A . Then cardinals are absolute between V and

Lemma 15. Let n < w and 1,

VAT (R (1)2, Aigy ey Aiy ]
10



Lemma 16. Cardinals are absolute between N and V, and in particular k=XY, =R

Proof. If not, then there is a function f € N which collapses a cardinal in V. By Lemma
14, f is an element of some model V[A, | (N} 1)% A, ..., A;,_,] as above. But this contra-
dicts Lemma 15. O

Lemma 17. GCH holds in N below X, .

Proof. If X C X, and X € N then X is an element of some model V[A, | (RY.1)% A, ..
A;, ] as above. Since A;,,..., A;,_, do not adjoin new subsets of X,, we have that

*

i1
X eVIA T (R 1)2.

Hence P(RY)N N € V[A, | (RY,1)?. GCH holds in V[A, | (Ry,1)?]. Hence there is a bijec-

tion P(RY) NN <RV 1 in V[A, | (RY;1)% and hence in N. O

Discussion and Remarks

To work with singular cardinals x of uncountable cofinality, various finiteness properties in

the construction have to be replaced by the property of being of cardinality < cof(x). This
yields choiceless violations of SILVER’s theorem.

Theorem 18. Let V be any ground model of ZFC + GCH and let A be some cardinal in
V. Then there is a model N DV of the theory ZF + “GCH holds below N,,,” + “there is a
surjection from P(R,,) onto X”. Moreover, the axiom of dependent choices DC holds in N.
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