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Large Cardinals in



Uncountable combinatorics

Many notions in uncountable combinatorics have the form:
for all premises ...

there is an embedding 7: M — N

with properties ...



Example: downward Lowenheim-Skolem

for every infinite structure N

there is an elementary embedding m: M — N

with M being countable



Example: Chang’s conjecture (CC)

for every structure N = (N, Ny, ...) with card(V) = N, and
card(Ny) = N,

there is an elementary embedding m: M — N
where M = (M, My, ...) and card(M ) = N; and card(M;) = N,




Example: Generalized Chang’s conjecture (CC(k, \))

for every structure N = (N, Ny, ...) with card(N) = &% and
card(Ny) = K

there is an elementary embedding m: M — N
where M = (M, My, ...) and card(M )= A" and card(M;) = A




Example: « is a measurable cardinal
There is an elementary embedding =: (V,€) — (N, €)

with a transitive inner model N and critical point «, i.e. 7 | kK =
idand (k) >k
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Large cardinals

If x is measurable then « is (weakly) inaccessible

— ks aregular cardinal

— kIs a limit cardinal



Getting large cardinals?

Does some combinatorial property imply that there are large
cardinals in some inner model M ?
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(Some) large cardinals
— Supercompact
— Woodin cardinals
— strong
— measurable
— Erdos cardinals

— weakly inaccessible and strongly inaccessible



Example: < is a strong cardinal
For every set z
there is an elementary embedding =: (V,€) — (IV, €)

with a transitive inner model N and critical point « such that x €
N
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Example: « is a supercompact cardinal

For every A
there is an elementary embedding =: (V,€) — (IV, €)

with a transitive inner model N and critical point « such that
m(k)>Xand *N C N.
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Formalizing large cardinal properties in ZFC

Can one replace the class quantifiers “there is a map
V —...” by set quantifiers?

Standard method: ultrapowers modulo some ultrafilters
More general: extensions modulo some extender

ldea: use sufficiently long set-sized initial segments of maps
instead whole maps



~ IS a measurable cardinal, formalized in ZFC

There is a set-sized elementary embedding =: (H,.+,€) — (N, €
)

with a transitive model N and critical point x, i.e. 7 | kK =id and
(k) > K
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K is a strong cardinal, formalized in ZFC

For every set z
there is a set-sized elementary embedding =: (H,+, € ) — (N, €

)

with a transitive model N and critical point x such that x € N
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Extenders

An extender at « is a cofinal elementary map E: (H,+, €) — (N,
€ ) with transitive set model N and critical point «.

E

H,: /



Extensions determined by extenders
Let £: (H,+,€)— (N, €) be an extender at .

Then there is an extension 7z V — N with transitive N such
that TE 2 E.




Extensions

TE

(V,€e) — (N, €)
| |
] A
Ael
| |
N c
derlglgle[((A, €),C)
| |
derlglgle[«A’ €),TAB) derlglgle[«E(A), €),E(maB))
| |
A = E(A)



Extensions




Wellfoundedness

~
~

— we need (N, €) to be wellfounded

~

— ingeneral, for dom(E)+ H,-, (N, €) is not wellfounded

— there are criteria and techniques to ensure wellfounded-
ness

— incase dom(E)=H,+, (N, &) is wellfounded



Comparing large cardinals

Theorem. Let x be strong. Then « is measurable and their are
cofinally many measurable cardinals below «.

Proof. By strongness take Ey,. H.+ — N to be an extender with
critical point .

By strongness take an elementary embedding 7=: V" — M with
critical point x and Eje M.

M E*“k I1s measurable”, since E,c M.
ME“IX<m(k): A is measurable”.

VE “dA<k: \is measurable”, since 7 is elementary. Qed.



The linear (?) hierarchy of large cardinals

For set theoretic properties A and B define A < B iff

B — there is a model of A

( “B has greater consistency strength than A”)

Heuristically the “known™ large cardinals are linearly ordered
by <:

iInaccessible < Erdos < measurable < strong < Woodin <
supercompact



Calibrating consistency strengths by large cardinals (?)

A and B have the same consistency strength if every (count-
able) model of ZFC + A can “uniformly be transformed” into a

(countable) model of ZFC + B and vice versa (forcing, inner
models,...).

Heuristically a typical combinatorial principle has the same
consistency strength as some large cardinal property.



Calibrating consistency strengths by large cardinals

Forcing: —— generic extension M |G| 2> M
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Calibrating consistency strengths by large cardinals

Inner model: model N —— CN
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The inner model L

Define the constructible hierarchy
— Ly=0

— L,;1=Def(L,), i.e., the collection of all X C L, which are
definable over the structure (L., € ) with parameters

— Ly=U,., L. for all limit ordinals A

The constructible universe is the model (L, € ) where



The inner model L

\ Vol \ /La+1CP<La)

La




The inner model L

— L is an inner model of set theory, i.e., L is a transitive
class containing all ordinals and L FZFC

— Condensation: If 7: (X, €’) — (Lg, € ) is elementary then
(X,€")¥(L,, €) forsome a

— L is a model of combinatorial principles like the general-
ized continuum hypothesis (GCH), ¢, [, ...

— Listhe C-smallest inner model
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Recall: Uncountable combinatorics

Many notions in uncountable combinatorics have the form:
for all premises ...

there is an embedding 7: M — N

with properties ...



Recall: Large cardinals
There is an elementary embedding =: (V,€) — (N, €)

with a transitive inner model N and critical point «, i.e. 7 | kK =
idand (k) >k, and .....cccccceeennnne
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Recall: Getting large cardinals in inner models
Inner model: model N —— CN

MEZFC+ A

NEZFC+ B



Recall: The inner model L

\
R




Recall: Chang’s conjecture

for every structure N = (N, Ny, ...) with card(V) = N, and
card(Ny) =Ny

there is an elementary embedding m: M — N
where M = (M, My, ...) and card(M ) = N; and card( M) = N,




Chang’s conjecture and large cardinals

For N=(Ly,, Ny, €,...) take an elementary embedding
E: (M, M(), E/, ) — (LN2, N1, <, )

where card(M) = N, and card(M) = Ny

By condensation (M ,€’)~ (L., € ), and so wlog
E: (La, M, €, ) — (LN2, N1, <, )

where a > N; and E has a countable critical point x



Chang’s conjecture and large cardinals

Inner model: model N —— CN

LEZFC+ A

NEZFC+ CC



Chang’s conjecture and large cardinals

Theorem Chang’s conjecture implies that there is an inacces-
sible cardinal in L. Hence Chang’s conjecture = inaccessible.

Proof Let « be the critical point of £. « is inaccessible in L, .
Since a >N, s is inaccessible in Ly, .
By the argument for GCH, P(k) N L="P(k) N Ly,.

Hence k is inaccessible in L. Qed.



Using E | L.+ as an extender on L
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07

Chang’s conjecture implies the existence of a nontrivial ele-
mentary embedding 7z (L,€)— (L, €).

We say “07 exists” for the fact that there is a nontrivial elemen-
tary embedding n: (L,€) — (L, €).

Actually, one can then define a unique set 07 which is the
canonical, minimal extender on L which generates such an
embedding.



The Jensen covering theorem

Theorem (Jensen). If 07 does not exist then L covers V, i.e.,
for every X €V, X COrd there exists Y € L such that

X CY and card(Y) <card(X) + N



07 and the singular cardinal hypothesis

Theorem (Jensen). Assume 0% does not exist and Vn < w:
2Nn: Nn_|_1 . Then

2N = Ncu—i—l



07 and the singular cardinal hypothesis

Proof. Choose functions f,: P(X,) <N, 1\ X,

For X e P(X,) define X'={f,(XNN,))|In<w}e [N,

Choose X" e L such that X' C X" C R, and ordertype(X") <N,

X — (X" {i <N,| the i-th element of X" is an element of X'})
is an injection P(XN,) — P (X,) x P(R,). Hence

2% = card(P(R,,)) < card(PH(R,)) - card(P(Ng)) <Ny 1- N3 =R, 14

Qed.



(Some) large cardinals
— Supercompact
— Woodin cardinals
— strong
— measurable
— 07 exists

— weakly inaccessible and strongly inaccessible



07 transcends L
Theorem. 07 ¢ L.
Proof. Assume 07 € .

07 is an extender on L, and let m: L — L be the nontrivial ele-
mentary embedding induced by 07.

Let x be the critical point of .
L E"there is an extender on L with critical point <w (k)" .

L E"there is an extender on L with critical point <«

Contradiction to minimal choice of 07. Qed.



Iterating the #-operation

L 0% LV — (09)# 1= L0 5 ((09)#)# 1 ... 277



Constructible extender models

Define a core model with extender sequence £
- Ky=0, 5(0) =10
— Ko1=Def(K,,€,ETa), E(a+1)=1

— for limit ordinals A\: K= J__, K.; moreover if there is a
uniquely determined “good” extender E: (K,,€,£[vy) —
(K),€,E1 M) thenlet £()\) = E; otherwise E(\) =)

Then the core model is the model (K, € ) where



Recall: Extenders

An extender at « is a cofinal elementary map E: (H,+,€) — (N,
€ ) with transitive set model N and critical point «.

E

H,: /



“Good’’ Extenders

B (K, €.17) = (K€, N

K)
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“Good’’ extenders
E. (K, e, &1v)—(K\€,E]N)is good if

— (Ky,e,&] X is amodel of ZFC except the power set
axiom

— E'Is an elementary map with critical point «
- K,=(H)"

— certain extensions and iterated extensions formed from
E are wellfounded

— moreover, these extensions and iterations have to be
finestructural



The Dodd-Jensen core model

Assume that there is no inner model in which there is a mea-
surable cardinal.

Then the model K is called the Dodd-densen core model,
denoted by Kp;

Kpjis an L-like inner model of set theory



The Dodd-Jensen core model

Theorem. Assume there is no inner model with a measurable.
Then

— Kpjis an inner model of set theory

— (Condensation fails in general)

— Kpjis a model of GCH, &, [, ...



The Dodd-Jensen core model

Theorem (cont). Assume there is no inner model with a mea-
surable. Then

— There is no nontrivial elementary embedding = Kp; —
Kp;

— Kpycovers V, i.e., for every X € V', X C Ord there exists
Y € Kp; such that

X CY and card(Y) <card(X ) + Ny



Recall: Chang’s conjecture (CC(k, \))

for every structure N = (N, Ny, ...) with card(N) = x* and
card(Ny) = Kk

there is an elementary embedding m: M — N

where M = (M, My, ...) and card(M )= A" and card(M;) = A




Chang’s conjecture and Erdos cardinals

Theorem (Donder-Silver) CC(X;, X;) implies that, in Kp;, N} is
an N;-Erdds cardinal. Hence CC(RN, Xy) has the same consis-
tency strength as an N;-Erdos cardinal.



Higher Chang’s conjectures and measurable cardinals

Theorem (K) CC(X,, ;) implies that there is an inner model
with a measurable cardinal. Hence CC(RX,, Xy) = measurable.



The singular cardinal hypothesis and measurable cardi-
hals

Theorem (Dodd-Jensen). Assume that there is no inner
model with a measurable cardinal and Vn < w: 2% =X,.,. Then

2% = Nw—i—l



The singular cardinal hypothesis and measurable cardi-
hals

Theorem (Gitik-Mitchell). The consistency strength of
Vn<w:2%=N,,; and 2%£ N
IS equal to that of the existence of measurable cardinals of high

Mitchell order.

The inner model direction of the result uses higher core models
formed under the assumption that there are no inner models
with measurable cardinals of high Mitchell order.



Resume

— combinatorial properties and large cardinals may be
characterized by embedding properties

— embedding properties may be mirrored into inner
models and become large cardinal properties

— this allows estimates of consistency strengths

— appropriate inner models are Godels constructible uni-
verse and core models by Dodd-Jensen and others



Thank You!



