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A standard TURING machine
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A HAMKINS-KIDDER-LEWIS infinite time TURING machine (ITTM)
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An a-3-TURING machine
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Limit rules

H(t)+1,if m=1(“go right”);
H(t + 1) = H(t)—1, if m=0(“go left”) and H(t) is a successor ordinal;
L 0, else; (“go left”) and H(?) is a limit ordinal.

If t <« is a limit ordinal, the machine constellation at ¢ is determined by taking infe-
rior limits:

VEe€Ord T'(t)e = liminf T'(r)¢;

r—t
S(t) = liminf S(r);
r—t
H(t) = liminf  H(s).

s—t,5(s)=5(t)



Ordinal TURING computability

TURING space w space admissible o | space Ord
time w standard TURING - -
machine
computable = A
time ? « TURING machine | -
admissible « (a-recursion theory)
computable =
Aq(Ly)
time Ord ITTM ? Ordinal TURING

Al C computable C A}

machine
computable =

LNP(Ord)




Ordinal register computability

Register space w space admissible o | space Ord
machines
time w standard register - -
machine
computable = A
time ? « register machine |-
admissible « (cv recursion theory)
computable =
Al(La>
time Ord ITRM ? Ordinal register

Infinite time register
machine
computable = Al

machine
computable =

LNP(Ord)




Ordinal stack computability ...

Recursion schemes on ordinals ...

Representations of classes of sets via ordinal computability:
Infinite time register machines: Al NP (w), hyperarithmetic reals,
a-TURING machines: A}(L,), a-recursion theory,

Ordinal TURING machines: L, the constructible sets of ordinals



Computing the constructible sets of ordinals

A recursive truth predicate:

aeT iff ¢, is a bounded sentence and (o, <, G, T Na)FE ¢,
where GG: Ord x Ord <= Ord is the GODEL pairing function

or

aeT iff ¢, is a bounded sentence and (o, <,G, T Na)Fa



A recursive definition of xr

liff v<a H(a,v, xr(v))=1
0 else

xr(a) = {
with

H(a,v,x)=1 iff «isan Ly-sentence and
3¢, (<ala=ce=ccNE=()
or 3¢, (<a(a=ce<ccNE<()
or 36,C,n<ala=Clee o) An=GlE. )
or I <ala=R(ce)N\v=ENx=1)
or Jp<a(la==-pAv=pAx=0)
or Jdp, Y <ala=(pVY)A(r=pVr=1y)Ax=1)
or EIn<wE|£<o£|g0<oz(04:§|vn<c§g0/\5|§<£Vzgp%/\le).

n

Hence yr is ordinal register computable.
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T codes a model of the set theory SO

For ordinals 1 and « define

T(p,0) ={0 < p|T(G(a, B)) = 1}.

Set

S={T(p,a)|pu,aeOrd}.

(Ord, S, €,<,G) is a model of a set theoretic axiom system SO, which describes

the class of sets of ordinals in a ZFC-model.
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The theory SO of sets of ordinals

—  Well-ordering: Vo, B, y(-a<aA(a<SAB<y—a<y)A
(a<BVa=pVp<a)) AVa(Fa(a€a) = Ta(acaANVE(f<a——FE€a)))

— Infinity: Ja(3B(<a) AVB(B<a—TAy(f<yAy<a)))
—  Extensionality: Va,b(Va(a€a—ac€b) —a=Db)

—  Initial segments: VadaVi3(B < a«— B €a)

— Boundedness: Va3aV3(f€a— < a)

— Pairing axiom:

Vo, 3,7 (9(F,7) Sae ¥0,6((0,¢) <" (B, 7) —9(0,¢) <a));
Here (a, ) <*(7,6) stands for

In, 6(n=max (a, 3) A0 =max (7,0) A (n <OV
(n=0Na<v)V(n=0ANa=vN[3<J)))
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G is onto: Yads, v (a=g(3,7))

Separation: For all Lgo-formulae ¢(a, P, ..., P,) postulate:
VP, ...,B¥YadWVa (aeb—acah dla, P, ..., P,))

Replacement: For all Lso-formulae ¢(«, 3, Py, ..., P,) postulate:
\V/Ph <y Pn (v€7 Clu C2<¢(€7 Clu P17 ceey Pn) A ¢(€7 C27 P17 ceey Pn) _>C1: C2> —
Va3bv( (C€b—3E€ap(E, ¢, P,y ... )

Powerset:
Va3b(Vz(Fa(a € z) AVa(a€z—aca) »TFEYB(B ez g(B, ) €D))
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oo-oo-ordinal computability = constructibility

A set-theoretic model (M’ €’) can be canonically defined inside the model
(Ord, S, e, <,G)ESO.

SO proves that (M’ €")FZFC.
(M’ €") can be transitivized to an €-model (M, €)F ZFC.

M = L since M can be formed inside the minimal transitive inner
model L.

P(Ord)NL=S, ie., S consists of the constructible subsets of Ord.

x C Ord is computable by an Ordinal TURING Machine
(or by an Ordinal Register Machine) iff x € L.
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