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Pete r Koepke : Check ing N a tu ra l Language P roo fs , H e ls ink i, Sep tem ber 16 , 2010TheGodelÈ completenesstheorem

Über die Vollständigkeit des Logikkalküls (1929)

1. Einleitung

Der Hauptgegenstand der folgenden Untersuchungen ist

der Beweis der Vollständigkeit des in Russell, Principia

mathematica [...] und ähnlich in Hilbert-Ackermann,

Grundzüge der theoretischen Logik [...] angegebenen

Axiomensystems des sogenannten engeren Funktio-

nenkalküls. Dabei soll “Vollständigkeit” bedeuten, daß

jede im engeren Funktionenkalkül ausdrückbare allgemein

giltige Formel [...] sich durch eine endliche Reihe formaler

Schlüsse aus den Axiomen deduzieren lässt.

(Kurt GodelÈ , Doctoral Dissertation, Vienna1929)
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Var ; = v0|v1|v2|	 |x|y |z |	

Func; = 	

Term; = Var|Func(Var,	 ,Var)
Rel; = 	

AtomForm; = Rel(Term,	 ,Term) |Term≡Term

Form; = AtomForm |Form→Form |⊥ | ∀VarForm



Pete r Koepke : Check ing N a tu ra l Language P roo fs , H e ls ink i, Sep tem ber 16 , 2010Acompletefirstordercalculus
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− N: 0 = ∅, 1 = {0}, 2 = {0, 1},	 , n+ 1= {0,	 n},	
− Q: q=

m

n
= (m,n) = {{m}, {m,n}}

− R: r⊂Q (lefthalfofaDedekindcut)
− geometricspaceRn: p= (p0,	 , pn−1)

− geometricobjects:M ⊆Rn

− relationsandfunctionsassetsoftupels
− abstracttopologicalspaces:(X,T )whereT ⊆P(X)

− ...
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− GottlobFrege,Begriffsschrift,GrundgesetzederArith-metic

− ErnstZermelo1908

− AbrahamFraenkel~1920
− ThoralfSkolem1929
− Zermelo-Fraenkelsettheory(ZForZFC)
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− Extensionality: ∀x∀y(∀z(z ∈x↔ z ∈ y)→x≡ y)

− Zermelo'sAussonderungsschema:
∀x1	 ∀xn∀x∃y∀z (z ∈ y↔ z ∈x∧ ϕ(z, x1,	 , xn))

− Infinity: ∃x(∃y (y ∈ x ∧ ∀z¬z ∈ y) ∧ ∀y(y ∈ x→∃z(z ∈ x ∧
∀w(w ∈ z↔w ∈ y ∨w≡ y))))

− ...
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− mathematics=settheory

− mathematics=firstorderlogic+ZFC
− mathematicalproofs=formalderivationsfromZFC



Pete r Koepke : Form a l M a them atics and Con tro lled N a tu ra l Language , B onn , Februa ry 14 , 2011FormalmathematicsEverylogicallytruemathematical statementhasaformalderivation.Everytruemathematicalstatementhasaformalderivationwithinsome(foundational)axiomsystem.Everymathematicalproofcanbereplacedbyaformalderiva-tion.Mathematicscanbeinprinciplebecarriedoutcompletelyformal(Formalmathematics).
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1. ΦGr ¬ ◦ v0 e≡ v0 ¬∃v0 ¬◦ v0 e≡ v0 VR
2. ΦGr ¬ ◦ v0 e≡ v0 ¬ ◦ v0 e≡ v0 VR
3. ΦGr ¬ ◦ v0 e≡ v0 ∃v0¬ ◦ v0 e≡ v0 ∃Sauf2
4. ΦGr ◦ v0 e≡ v0 WRauf1,3
5. (v2≡◦ v0 e)

◦ v0 e
v2

(≡ )

6. ◦ v0 e≡ v0 (v2≡◦ v0 e)
v0

v2
Subauf5

7. ΦGr ◦ v0 e≡ v0 v0≡◦ v0 e ARauf6
8. ΦGr v0≡◦ v0 e KSauf4,7
9. ΦGr v0≡ e v0≡ e VR
10. ΦGr v0≡ e (¬◦ v0 e≡ e ∨ v0≡ e) ∨Sauf9
11. ΦGr ¬v0≡ e (¬v2≡ e)

v0

v2

VR

12. ΦGr ¬v0≡ e v0≡◦ v0 e (¬v2≡ e)
◦ v0 e
v2

Subauf11

13. ΦGr ¬v0≡ e v0≡◦ v0 e ¬◦ v0 e≡ e 12

14. ΦGr ¬v0≡ e v0≡◦ v0 e ARauf8

15. ΦGr ¬v0≡ e ¬◦ v0 e≡ e KSauf14

16. ΦGr ¬v0≡ e (¬◦ v0 e≡ e ∨ v0≡ e) ∨Sauf15

17. ΦGr (¬◦ v0 e≡ e ∨ v0≡ e) FUauf10,16

18. ΦGr ¬(¬◦ v0 e≡ e ∨ v0≡ e) ¬¬∃v0¬(¬◦ v0 e≡ e∨ v0≡ e) (¬◦ v0 e≡ e ∨ v0≡ e) ARauf17

19. ΦGr ¬(¬◦ v0 e≡ e ∨ v0≡ e) ¬¬∃v0¬(¬◦ v0 e≡ e∨ v0≡ e) ¬(¬◦ v0 e≡ e ∨ v0≡ e) VR

20. ΦGr ¬(¬◦ v0 e≡ e ∨ v0≡ e) ¬∃v0¬(¬◦ v0 e≡ e∨ v0≡ e) WRauf18,19

21. ΦGr ∃v0¬(¬◦ v0 e≡ e∨ v0≡ e) ¬∃v0¬(¬◦ v0 e≡ e∨ v0≡ e) ∃Aauf20

22. ΦGr ¬∃v0¬(¬◦ v0 e≡ e∨ v0≡ e) ¬∃v0¬(¬◦ v0 e≡ e∨ v0≡ e) VR

23. ΦGr ¬∃v0¬(¬◦ v0 e≡ e∨ v0≡ e) FUauf21,22



Pete r Koepke : Form a l M a them atics and Con tro lled N a tu ra l Language , B onn , Februa ry 14 , 2011Formalderivationscanbecheckedandproducedauto-matically-derivationsareformedbyrepeatedapplicationsof(simple)syntacticrules-whetheraformaltextisaderivationcan(easily)becheckedalgorithmically



Pete r Koepke : Form a l M a them atics and Con tro lled N a tu ra l Language , B onn , Februa ry 14 , 2011Formalproofs-derivationsN.Bourbaki:Ifformalizedmathematicswereassimpleasthegameofchess,thenonceourchosenformalizedlanguagehadbeendescribedtherewouldremainonlythetaskofwritingoutourproofsinthislanguage,[...]Butthematterisfarfrombeingassimpleasthat,andnogreatexperienceisnecessarytoper-ceivethatsuchaprojectisabsolutelyunrealizable:thetiniestproofatthebeginningsoftheTheoryofSetswouldalreadyrequireseveralhundredsofsignsforitscompleteformaliza-tion.[...]formalizedmathematicscannotinpracticebewrittendowninfull,[...]Weshallthereforeveryquicklyabandonfor-malizedmathematics,[...]



Pete r Koepke : Form a l M a them atics and Con tro lled N a tu ra l Language , B onn , Februa ry 14 , 2011Computer-supportedformalproofsJ.McCarthy:Checkingmathematicalproofsispotentiallyoneofthemostinterestingandusefulapplicationsofautomaticcomputers....Proofstobecheckedbycomputermaybebrieferandeasiertowritethantheinformalproofsacceptabletomathematicians.Thisisbecausethecomputercanbeaskedtodomuchmoreworktocheckeachstepthanahumaniswillingtodo,andthispermitslongerandfewersteps.McCarthy, J. "Computer Programs for Checking Mathematical Proofs," Proceedings of the Symposium in Pure Math, Recur-siveFunctionTheory,VolumeV, pages219-228, AMS, Providence, RI, 1962.
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AutomaticproofcheckingAutomath(~1967)N.G.deBruijn
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also [x0; 0] 6= [1; 0];[x; 0]0 6= [1; 0]:4) Aus [x; 0]0 = [y; 0]0folgt [x0; 0] = [y0; 0];x0 = y0;x = y;[x; 0] = [y; 0]:5) Eine Menge [M] von Zahlen aus [Z] habe die Eigenschaften:I) [1; 0] geh�ort zu [M].II) Falls [x; 0] zu [M] geh�ort, so geh�ort [x; 0]0 zu [M].Dann bezeichneM die Menge der x, f�ur die [x; 0] zu [M] geh�ort.Alsdann ist 1 zu M geh�orig und mit jedem x von M auch x0 zu Mgeh�orig. Also geh�ort jede positive ganze Zahl x zu M, also jedes[x; 0] zu [M].Da Summe, Di�erenz, Produkt und (wofern vorhanden) Quo-tient zweier [�; 0] nach Satz 298 den alten Begri�en entsprechen,desgleichen die Zeichen �[�; 0] und j[�; 0]j; da man[�; 0] > [H; 0] f�ur � > H;[�; 0] < [H; 0] f�ur � < Hde�nieren kann, so haben also die komplexen Zahlen [�; 0] alleEigenschaften, die wir in Kapitel 4 f�ur reelle Zahlen bewiesenhaben, und insbesondere die Zahlen [x; 0] alle bewiesenen Eigen-schaften der positiven ganzen Zahlen.Daher werfen wir die reellen Zahlen weg, ersetzen sie durchdie entsprechenden komplexen Zahlen [� 0] und brauchen nur vonkomplexen Zahlen zu reden. (Die reellen Zahlen verbleiben aberpaarweise im Begri� der komplexen Zahl.)De�nition 72: (Das freigewordene Zeichen) � bezeichnet diekomplexe Zahl [�; 0], auf die auch das Wort reelle Zahl �ubergeht.Ebenso hei�t jetzt [�; 0] bei ganzem � ganze Zahl, bei rationalem �rationale Zahl. bei irrationalem � irrationale Zahl, bei positivem �positive Zahl, bei negativem � negative Zahl.Also schreiben wir z. B. 0 statt n, 1 statt e.Nunmehr k�onnen wir die komplexen Zahlen mit kleinen odergro�en Buchstaben beliebiger Alphabete (auch promiscue) bezeich-nen. F�ur die folgende spezielle Zahl ist aber ein kleiner lateinischerBuchstabe �ublich auf Grund derDe�nition 73: i = [0; 1]:Satz 300: ii = �1:Beweis:ii = [0; 1][0; 1] = [0 � 0� 1 � 1; 0 � 1 + 1 � 0]= [�1; 0] = �1:Satz 301: F�ur reelle u1, u2 istu1 + u2i = [u1; u2]:118



Pete r Koepke : Form a l M a them atics and Con tro lled N a tu ra l Language , B onn , Februa ry 14 , 2011ic:=pli(0,1rl):complex+10300t1:=tsis12a(0,1rl,0,1rl):is(ts(ic,ic),pli(mn"r"(ts"r"(0,0),ts"r"(1rl,1rl)),pl"r"(ts"r"(0,1rl),ts"r"(1rl,0))))t2:=tris(real,mn"r"(ts"r"(0,0),ts"r"(1rl,1rl)),m0"r"(ts"r"(1rl,1rl)),m0"r"(1rl),pl01(ts"r"(0,0),m0"r"(ts"r"(1rl,1rl)),ts01(0,0,refis(real,0))),ism0"r"(ts"r"(1rl,1rl),1rl,satz195(1rl))):is"r"(mn"r"(ts"r"(0,0),ts"r"(1rl,1rl)),m0"r"(1rl))t3:=tris(real,pl"r"(ts"r"(0,1rl),ts"r"(1rl,0)),ts"r"(1rl,0),0,pl01(ts"r"(0,1rl),ts"r"(1rl,0),ts01(0,1rl,refis(real,0))),ts02(1rl,0,refis(real,0))):is"r"(pl"r"(ts"r"(0,1rl),ts"r"(1rl,0)),0)t4:=isrecx12(mn"r"(ts"r"(0,0),ts"r"(1rl,1rl)),m0"r"(1rl),pl"r"(ts"r"(0,1rl),ts"r"(1rl,0)),0,t2,t3):is(pli(mn"r"(ts"r"(0,0),ts"r"(1rl,1rl)),pl"r"(ts"r"(0,1rl),ts"r"(1rl,0))),cofrl(m0"r"(1rl)))t5:=satz298j(1rl):is(cofrl(m0"r"(1rl)),m0(1c))-10300satz2300:=tr3is(cx,ts(ic,ic),pli(mn"r"(ts"r"(0,0),ts"r"(1rl,1rl)),pl"r"(ts"r"(0,1rl),ts"r"(1rl,0))),cofrl(m0"r"(1rl)),m0(1c),t1".10300",t4".10300",t5".10300"):is(ts(ic,ic),m0(1c))



Pete r Koepke : Form a l M a them atics and Con tro lled N a tu ra l Language , B onn , Februa ry 14 , 2011TheMizarsystem(1973-)ofAndrzejTrybulecLanguagemodeledafter``mathematicalvernacular''NaturaldeductionstyleAutomaticproofcheckerLargemathematicallibrary

www.mizar.org



Pete r Koepke : Form a l M a them atics and Con tro lled N a tu ra l Language , B onn , Februa ry 14 , 2011MIZARexample:ProofoftheGodelÈ completenesstheorembyPatrickBraselmannandPKtheoremstill_not-bound_inXisfinite&X|=pimpliesX|-pproofassumeA1:still_not-bound_inXisfinite;assumeA2:X|=p;assumeA3:notX|-p;reconsiderY=X\/{'not'p}asSubsetofCQC-WFF;A4:still_not-bound_inYisfinitebyA1,Th36;YisConsistentbyA3,HENMODEL:9;thenexCZ,JH1st(JH1,valH|=Y)byA4,Th34;hencecontradictionbyA2,Th37;end;
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− proofchecking↔ automaticproving
− Classicallogic↔ non-classical,constructive,intuition-isticlogic

− generalpurpose↔ specialized
− naturaldeductionstyle↔ resolution/unificationstyle

− readability↔machineorientated



Pete r Koepke : Form a l M a them atics and Con tro lled N a tu ra l Language , B onn , Februa ry 14 , 2011ProversoftheworldOf``TheHundredGreatestTheorems''list,thereareformaliza-tionsinthefollowingsystems(seeFreekWiedijk):
− 76inHOLLight(higherorderlogic,JohnHarrison)
− 51inMizar(classical)
− 49inCoq(typetheory,calculusofinductivedefinitions

− 46inIsabelle(weaktypetheory,variouslogics)

− 42inProofPower
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− FourColourTheorem(GeorgesGonthier,Coq)
− PrimeNumberTheorem,``elementary''proof(JeremyAvigad,Isabelle)

− PrimeNumberTheorem,analyticproof(JohnHarrison,HOLLight)

− workinprogress:FlyspeckProject(FormalProofoftheKeplerConjecture)(TomHales,varioussystems)

− JordanCurveTheorem(TomHales,HOLLight)
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− Correctnessof arithmetical algorithmslikedivision,squareroot, transcendental functions(hardwareandsoftware)

− inparticularfloatingpointarithmetic
− Correctnessof(RISC)microprocessors
− ...

− SoftwarefordriverlessParisMetroLine14



Pete r Koepke : Form a l M a them atics and Con tro lled N a tu ra l Language , B onn , Februa ry 14 , 2011Naturalproofs

− directedathumanreaders

− usehumannotions,intuitions,argumentations
− usenaturallanguage

− refertootherhumanproofs
− havetobecompact,surveyable(LudwigWittgenstein)

− haveacertaingranularity, leavingout detailsandimplicitknowledge
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Canformalproofsbemade

morenatural?



Pete r Koepke : Form a l M a them atics and Con tro lled N a tu ra l Language , B onn , Februa ry 14 , 2011TheNaprocheproject:Naturallanguageproofchecking
− studiesthesyntaxandsemanticsofthelanguageofproofs,emphasizingnaturallanguageandnaturalargu-mentationaspects,alsoinrelationtoformalmathe-matics

− modelsnatural languageproofsusingcomputer-sup-portedmethodsofformallinguisticsandformallogic

− jointworkwithBernhardSchroderÈ , linguistics;Bonn,Essen,Cologne;www.naproche.net
− developmentofamathematicalauthoringsystemwithaLATEX-qualitygraphicalinterface
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− Todeviseastrictlyformal systemformathematics,implementedbycomputer,whoseinputlanguageisanextensivepartofthecommonmathematicallanguage,andwhoseproofstyleisclosetoproofstylesfoundinthemathematicalliterature.
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|

|Fido
VP:all(Y,cat(Y),chases(X,Y))V:chases(X,Y)|chases
NP:all(Y,cat(Y),...)D:all(...,...,...)every N:cat(Y)cat.

∀Y (cat(Y )→ chases(fido, Y )).
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|

|1
VP:all(Y,integer(Y),divides(X,Y))V:divides(X,Y)|divides
NP:all(Y,integer(Y),...)D:all(...,...,...)every N:integer(Y)integer.

∀Y (integer(Y )→ 1|Y ).
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− Formalgrammars,e.g.,PhraseStructureGrammar
− Standardtechniquesofcomputational linguisticsliketokenizing

− (Parsingmathematicalnotationlike∑
n=1

∞ 1

n2

andcom-biningwiththenaturallanguageparsing?)
− Lessambiguitiesinnaturalmathematicallanguagethaningeneralnaturallanguage:``amanlovesawoman''versus``anegativenumberissmallerthanapositivenumber'';incaseofambiguityamathematicianwouldexplicitelywritethequantifiers.



Pete r Koepke : Form a l M a them atics and Con tro lled N a tu ra l Language , B onn , Februa ry 14 , 2011Mathematicaltexts

ϕ.Thenψ.
Afarmerownsadonkey.Hebeatsit.

Logicalreferences,premises↔ pronouns/nouns
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farmer,donkey

owns(farmer,donkey)he,itbeats(he,it)
∃f , d(owns(f , d)∧ beats(f , d))
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ϕ

ψ
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− (whatisaproof?)

− naturalproofsaremathematicalargumentations
− techniquesfromthelinguisticsofargumentationmaybeused; argumentationsaresometimesanalyzedbyformallogicaltools

− ProofRepresentationStructurescanbetranslatedintoinputforformalmathematics
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↓ StandardeditororwebeditorTeX-styleinputtext

l Naturallanguageprocessing(NLP)Proofrepresentationstructure(PRS)
l First-ordertranslationFirst-orderlogicformat(TPTP)
l Proofcheckerorautomatictheoremprover(ATP)``Accepted''/``Notaccepted'',witherrormessages
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Pete r Koepke : Form a l M a them atics and Con tro lled N a tu ra l Language , B onn , Februa ry 14 , 2011TheNaprochesystemProofobligationfory= x:fof('holds(2,4,0)',conjecture,vd2=vd1).fof('holds(1,3,0)',axiom,vd1=vd2).
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Pete r Koepke : Form a l M a them atics and Con tro lled N a tu ra l Language , B onn , Februa ry 14 , 2011TheNaprochesystemAxiom1.Forall$x$,$y$,$z$,$(x*y)*z=x*(y*z)$.Axiom2.Forall$x$,$1*x=x$and$x*1=x$.Axiom3.Forall$x$,$x*f(x)=1$and$f(x)*x=1$.Lemma1.If$u*x=x$then$u=1$.Proof.Supposethat$u*x=x$.Then$(u*x)*f(x)=x*f(x)$.Byaxiom1,$u*(x*f(x))=x*f(x)$.Sobyaxiom3$u*1=1$.Then$u=1$byaxiom2.Qed.



Pete r Koepke : Form a l M a them atics and Con tro lled N a tu ra l Language , B onn , Februa ry 14 , 2011TheNaprochesystemLemma2.If$x*y=1$then$y=f(x)$.Proof.Assume$x*y=1$.Then$f(x)*(x*y)=f(x)*1$,i.e.$(f(x)*x)*y=f(x)$.Hence$1*y=f(x)$,i.e.$y=f(x)$.Qed.Theorem1.$f(x*y)=f(y)*f(x)$.Proof.Let$u=(x*y)*(f(y)*f(x))$.Then$u=x*((y*f(y))*f(x))$byaxiom1.So$u=x*(1*f(x))=x*f(x)=1$.Thus$(x*y)*(f(y)*f(x))=1$.Hence$(f(y)*f(x))=f(x*y)$bylemma2.Qed.



Pete r Koepke : Form a l M a them atics and Con tro lled N a tu ra l Language , B onn , Februa ry 14 , 2011TheNaprochesystemAxiom1.Forallx,y,z,(x ∗ y) ∗ z = x ∗ (y ∗ z).Axiom2.Forallx,1 ∗x= x andx ∗ 1= x.Axiom3.Forallx,x ∗ f (x) = 1 andf (x) ∗x=1.Lemma1.Ifu ∗x= x thenu=1.Proof.Supposethatu ∗ x= x.Then(u ∗x) ∗ f (x) = x ∗ f (x).Byaxiom1,u ∗ (x ∗ f (x)) = x ∗
f (x).Sobyaxiom3u ∗ 1= 1.Thenu=1 byaxiom2.Qed.Lemma2.Ifx ∗ y=1 theny= f (x).Proof.Assumex ∗ y = 1.Thenf (x) ∗ (x ∗ y) = f (x) ∗ 1,i.e. (f (x) ∗ x) ∗ y = f (x).Hence1 ∗
y= f (x),i.e.y= f (x).Qed.Theorem1.f (x ∗ y) = f (y) ∗ f (x).Proof.Letu= (x ∗ y) ∗ (f (y) ∗ f (x)).Thenu= x ∗ ((y ∗ f (y)) ∗ f (x)) byaxiom1.Sou= x ∗
(1 ∗ f (x)) = x ∗ f (x) = 1.Thus(x ∗ y) ∗ (f (y) ∗ f (x)) = 1.Hence(f (y) ∗ f (x)) = f (x ∗ y) bylemma2.Qed.
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− standardanalysisbyaPrologDefiniteClauseGrammar(DCG),thegrammardefinesacontrollednaturallan-guageformathematics(CNL),i.e.aformalsubsetofthecommonmathematicallanguage
− translationintoaformalsemantics(withoutambiguity)
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− formal semantics: proof representationstructures(PRS),extendingdiscourserepresentationstructures(DRS)

− DRS:toolforanaphoraresolution(Letx beaset.Itis...)andforinterpretationofnaturallanguagequantifi-cation(Everyprimenumberispositive;aprimenumberispositive)

− PRS,moreover,representglobaltextstructurings:The-orem/Proof,introductionsandretractionsofassump-tions
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− translatingthePRSconditionsintothefirst-orderformatTPTP(ThousandsofProblemsforTheoremProvers)
− generaterelevantpremisesforeverycondition
− automatictheoremprover(ATP)usedtoproveeveryconditionfromitsrelevantpremises;strengthoftheATPmayallowtobridge``gaps''intheproof

− proofisacceptedifATPcanproveeverycondition
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− Firstordertheoremprovers,usullybasedonresolution,superposition,normalformsandcode-optimization
− Examples:Otter,SPASS,Vampire,...
− Developmentdrivenbyyearlycompetitions(CASC=CADEATPSystemCompetition)
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y) + (x ∗ z).Proof:Fixx, y.x ∗ (y + 1) = x ∗ y ′ = x ∗ y +
x= (x ∗ y) + (x ∗ 1).Nowsupposex ∗ (y + z) = (x ∗ y) + (x ∗ z).Thenx ∗ (y + z ′) = x ∗ ((y + z)′) = (x ∗ (y +
z)) + x = ((x ∗ y) + (x ∗ z)) + x = (x ∗ y) +
((x ∗ z) + x) = (x ∗ y) + (x ∗ z ′).Thusbyinduction,forallz,x ∗ (y + z) = (x ∗
y) + (x ∗ z).Qed.



Pete r Koepke : Form a l M a them atics and Con tro lled N a tu ra l Language , B onn , Februa ry 14 , 2011

Chapter1fromLandauinNaproche
by Merlin Carl, Marcos Cramer, Daniel KhlweinFebruary14, 2011AbstractThis is a reformulation of the first chapter of Landau's Grundlagen der Analysis in the Controlled Natural Language of Naproche.Talk about sets is still avoided. One consequence of this is that Axiom 5 (the induction axiom) cannot be formulated; instead we usean induction proof method.Axiom3: For every x, x′� 1.Axiom4: If x′= y ′, thenx= y.Theorem1: If x� y thenx′� y ′.Proof:Assumethat x� y and x′= y ′. Thenbyaxiom4, x= y. Qed.



Pete r Koepke : Form a l M a them atics and Con tro lled N a tu ra l Language , B onn , Februa ry 14 , 2011Theorem2: For all x x′� x.Proof:Byaxiom3, 1′� 1. Supposex′� x. Thenby theorem1, (x′)′� x′. Thusby induction, for all x x′� x. Qed.Theorem3: If x� 1 then there is au such that x= u′.Proof:If 1� 1 then there is a u such that 1=u′.Assumex′� 1. If u=x thenx′= u′. So there is au such that x′=u′.Thusby induction, if x� 1 then there isa u such that x=u′. Qed.Definition1:Define + recursively:

x+1=x′.

x+ y ′= (x+ y) ′.Theorem5: For all x, y, z, (x+ y)+ z= x+(y+ z).Proof:Fix x, y.

(x+ y)+ 1= (x+ y)′=x+ y ′= x+(y+1).Assume that (x+ y) + z = x+ (y+ z). Then (x+ y) + z ′= ((x+ y) + z)′= (x+ (y+ z))′= x+ (y+ z)′= x+ (y+ z ′). So (x+ y) +
z ′=x+ (y+ z ′).Thusby induction, for all z, (x+ y)+ z= x+ (y+ z). Qed.Lemma4a: For all y, 1+ y= y ′.Proof:Bydefinition1, 1+ 1=1′.Suppose 1+ y= y ′. Thenbydefinition1, 1+ y ′= (1+ y)′. So 1+ y ′=(y ′)′.Thusby induction, for all y 1+ y= y ′. Qed.



Pete r Koepke : Form a l M a them atics and Con tro lled N a tu ra l Language , B onn , Februa ry 14 , 2011Currentprojects

− FormalizingLandau

− RewritingandupdatingtheNaprochesoftwareforgreatermodularityandmorelinguisticvariants
− FormalizingEuclid'sElements,book1?
− PuttingaNaprochelayerontheformalproofoftheGodelÈ completenesstheorem
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− Naturallanguageinterfacestoformalmathematics
− Mathematicalauthoringandcheckingtools
− writingtextsthataresimultaneouslyacceptablebyhumanreadersandformal mathematicssystems(``Logicformenandmachines'')
− Tutorialapplications:teachinghowtoprove
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− Linguistics:constructionandanalysisofamathematicallanguagewithadefinitefirstordersemantics
− Canthegapbetweennaturalproofsandformalderiva-tionsbenarrowed

− Philosophyofmathematics:what isamathematicalproof?

− therearesomenatural(lylooking)proofsthatarefullyformalwithrespecttotheNaprochesystem
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